This paper is devoted to the study of the existence and uniqueness of the invariant measure associated to the transition semigroup of a diffusion process in a bounded open subset of R n . For this purpose, we investigate first the invariance of a bounded open domain with piecewise smooth boundary showing that such a property holds true under the same conditions that insure the invariance of the closure of the domain. A uniqueness result for the invariant measure is obtained in the class of all probability measures that are absolutely continuous with respect to Lebesgue's measure. A sufficient condition for the existence of such a measure is also provided.
Introduction
Given a compact set K ⊂ R n , let us consider the transition semigroup P t ϕ(x) . = E[ϕ(X(t, x))] x ∈ K , ϕ ∈ C(K)
corresponding to the diffusion process X(t, x) associated with the stochastic differential equation dX(t) = b(X(t))dt + σ(X(t)) dW (t) t ≥ 0 X(0) = x (1.1) Naturally, in order for P t to be well-defined, a preliminary problem to address is the invariance of K under the stochastic flow of (1.1). On the other hand, even when K is invariant, the infinitesimal generator of P t may be difficult to identify for diffusions in general space dimension n ≥ 2. However, the complete analysis of the one-dimensional case by Feller [20] shows that no extra boundary conditions are necessary when the diffusion never reaches the boundary of K. For this reason, we are also interested in conditions ensuring the invariance of the open domainK.
The invariance of a closed domain K under a given diffusion has been investigated by several authors. First, for K of class C 3 and sufficiently smooth coefficients b, σ, Friedman [19] studied the invariance of K using the distance function and the elliptic operator
where a(x) = σ(x)σ * (x). In particular, in [19] it is shown that, if ∂K is regular, then a sufficient condition for the invariance of K is (i) L 0 δ K (x) ≥ 0 (ii) a(x)∇δ K (x), ∇δ K (x) = 0 ∀x ∈ ∂K , (1.2) where δ K stands for the oriented distance from ∂K. Notice that condition (ii) implies that a(x) is a singular matrix for all x ∈ ∂K. Following this, in [1] , Aubin and the second author introduced the notion of stochastic contingent cone to provide necessary and sufficient conditions for the viability of K-as well as its invariance-under minimal regularity assumptions. Another approach to the problem was proposed in [7] , using viscosity solutions of a second order Hamilton-Jacobi equation. Later on, in [5, 6] , second order jets were used to study invariance and viability, while in [12] the second and third author applied the Stratonovich drift to give first order necessary and sufficient conditions for the invariance of an arbitrary closed set for a stochastic control system. Then, using the distance function, in [10, 14] a condition similar to (1.2) was shown to be necessary and sufficient for the invariance of closed convex sets, while in [11] a sufficient condition for the invariance of the interior was derived.
In this paper, we begin the analysis considering the invariance problem for an open setK with piecewise smooth boundary. Such a problem was studied by Friedman and Pinsky [17] (see also [18, chapter 9] ) for C 3 -smooth domains and coefficients b, σ of class C 1 : they proved that (1.2) is a sufficient condition for the invariance ofK. In section 3, we will further investigate the above problem showing that condition (1.2) is indeed necessary and sufficient for the invariance of the interior of K under milder regularity assumptions, see Theorem 3.2.
Then, using the invariance of the interior of K, we study the transition semigroup showing, first, that its infinitesimal generator on C(K) is given by operator L 0 above. Consequently, for every λ > 0 and every continuous function f : K → R, we obtain an existence and uniqueness result for the elliptic equation
without imposing boundary conditions. Finally, we apply our results to study the existence and uniqueness of invariant measures for P t . Observe that, since K is bounded, P t always admits at least one invariant measure. On the other hand, unlike the semigroups that are associated with operators defined in the whole space R n (see e.g. [23] and the references therein), P t can have several invariant measures, which, moreover, need not be absolutely continuous with respect to Lebesgue's measure. In this paper, taking advantage of the interior invariance result described above, we prove that P t has at most one invariant measure on C(K), in the class of all probability measures that are absolutely continuous with respect to Lebesgue's measure. Moreover, strengthening condition (1.2), we are able to prove the existence of such a measure. This paper is organized as follows: section 2 contains notations and all preliminary results; section 3 develops our interior invariance result for piecewise smooth domains. Section 4 provides the characterization of the infinitesimal generator of P t . Finally, section 5 is devoted to the analysis of the invariant measure for P t , absolutely continuous with respect to Lebesgue's measure. We conclude with a few examples and an appendix.
• | · | the Euclidean norm in R n ;
• e j = ( j−1 0, . . . , 0, 1, 0, . . . , 0), where j = 1, . . . , n, the elements of the canonical base of R n ;
• x ⊗ y the tensor product of x, y ∈ R n , i.e., (x ⊗ y)z = y, z x for all z ∈ R n ;
• B(x 0 , r) the open ball of radius r > 0, centered at x 0 ∈ R n , and we set B r = B(0, r);
• L(R n , R m ) the space of all linear maps Λ : R n → R m , where m is a positive integer, and any element σ ∈ L(R n , R m ) will be identified with the unique n × m matrix that represents σ with respect to the canonical bases of R n and R m ;
• Λ the operator norm of Λ ∈ L(R n , R m ), i.e., Λ = max |x|=1 |Λx|;
• µ n the Lebesgue measure on B(R n );
• 1l S the characteristic function of a set S;
• ∇ϕ , ∇ 2 ϕ and ∆ϕ the gradient vector, the Hessian matrix, and the Laplacian of the function ϕ, respectively.
Given a positive integer m and Lipschitz continuous maps b : R n → R n and σ : R n → L(R n ; R m ), consider the stochastic differential equation
where W (t) is a standard m-dimensional Brownian motion on a complete filtered probability space (Ω, F, {F t } t≥0 , P). It is well-known that, for any x ∈ R n , problem (2.1) has a unique solution that we shall denote by X(·, x). Moreover, X(·, x) is P − a.s. continuous. Let S ⊂ R n be a nonempty set. We denote by d S the Euclidean distance function from S, that is,
It is well-known that d S is a Lipschitz function of constant 1. If S is closed, then the above infimum is a minimum, which is attained on a set that will be called the projection of x ∈ R n onto S, labeled proj S (x), that is,
We say that S is invariant for X(·, ·) iff
For every x ∈ S, the hitting time of ∂S is the random variable defined by
Let K be a closed subset of R n with nonempty interiorK and boundary ∂K. A well-known function in metric analysis is the so-called oriented distance from ∂K, that is, the function
In what follows we will use the following sets, defined for any ε > 0:
In this paper, we will use the following function spaces: We say that K is a closed domain of class C 2,1 if it is a closed connected subset of R n such that for all x ∈ ∂K there exist r > 0 and a function φ : B(x, r) → R of class C 2,1 (B(x, r)) such that ∂K ∩ B(x, r) = {y ∈ B(x, r) | φ(y) = 0}.
More generally, we shall say that K is a piecewise C 2,1 -smooth domain if
where K j are closed domains of class C 2,1 . It is well-known that
see, e.g., [16] . A useful consequence of the above property is that
where ν K (x) stands for the outward unit normal to K atx. It is easy to see that, if K is a compact domain of class C 2,1 , then there is a sequence {Q i } of compact domains of class C 2,1 such that
Indeed, owing to (2.3), it suffices to take, for all i large enough,
Finally, we observe that, if K is a compact set and {Q i } is an increasing sequence of compact domains of class C 2,1 satisfying (2.5), then ∀x ∈K
Indeed, let x ∈K and let i x be the first integer i such that x ∈ Q i . Then, since X(·, x) is continuous, {τ Q i (x)} i≥ix is an increasing sequence of random
for some t 0 > 0. Consequently,
in contrast with the definition of τ K (x).
3 Invariance of the interior of K
In this section, we will study the invariance properties of a compact piecewise C 2,1 -smooth domain K with respect to the flow X(·, ·) associated with equation (2.1) (with Lipschitz continuous coefficients b and σ). Necessary and sufficient conditions for the invariance of the compact set K were formulated in [10] in terms of the differential operator
where a(x) is defined in terms of the diffusion coefficient σ:
From [14] it follows that, if in addition K is convex, then K is invariant with respect to the X(·, ·) if and only if the following conditions are satisfied:
Notice that, on account of (2.4), the above conditions imply that the elliptic operator L 0 is necessarily degenerate on ∂K, in the normal direction to ∂K. We observe that, when K is a smooth domain of class C 3 , condition (3.2) is sufficient for the invariance of the interiorK of K in the sense that
(see [17] and also [18] ). Such a property heavily relies on the Lipschitz continuity of b and σ, as well as on the smoothness of ∂K. It is not true, in general, if b and σ are just continuous. We will now generalize and improve the above result assuming that
where K j are closed domains of class C 2,1 with the following property: for some ε 1 > 0 and all j ∈ {1, . . . , m}
For every x ∈ ∂K we denote by J(x) the set of all active indeces at x: δ K j , let us also assume that
Then, Clarke's tangent cone to K at every x ∈ K has nonempty interior. For this reason, K coincides with the closure ofK. Moreover, according to [4, chapter 4 ], Clarke's normal cone to K at any point x ∈ ∂K is given by
Finally, we observe that the existence of a sequence {Q i } of compact domains of class C 2,1 satisfying (2.5) is also guaranteed when K is a compact set with the above properties (3.4), (3.5) and (3.6).
Example 3.1 A typical example of a piecewise smooth domain satisfying conditions (3.4), (3.5), and (3.6) is the cube
Notice that ∂K = {x ∈ R n | max j |x j | = 1},
We now give our interior invariance result for piecewise smooth domains.
Theorem 3.2 Assume (3.4), (3.5), and (3.6). Then the following three statements are equivalent:
Proof: It is not restrictive to assume that ε 1 > 0 is such that, for every j ∈ {1, . . . , m}, there exist functions g j ∈ C 2,1 (R n ) satisfying
Assume (a). Then, according to [12] ,
Consequently, owing to (3.7), property (b)(ii) holds true. To obtain (i), fix x ∈ ∂K and let j ∈ J(x). Then, g j (X(t, x)) ≥ 0 P − a.s. for all t ≥ 0, and g j (x) = 0. Therefore,
Therefore, applying Itô's formula (see, e.g., [9, p. 61]),
Since g j ≡ δ j on a neighborhood of ∂K j , we deduce (i).
We shall now prove that (b) ⇒ (c). Let us consider the function
Then,
We claim that, for all j = 1, . . . , m,
for some constant c ≥ 0. Indeed, the above estimate holds true when
For x ∈K ∩ K j ε 1 let x denote the projection of x on the boundary of K j . Then, owing to (ii), for all x ∈K ∩ K j ε 1 we have that
where c 1 is a Lipschitz constant for σ. Consequently,
Also, observe that the function
is Lipschitz continuous inK ∩ K j ε 1 . Thus, (i) yields
for all x ∈K ∩ K j ε 1 , where c 2 is a Lipschitz constant for L 0 δ j . So, combining (3.13) and (3.14), we deduce (3.12). Now, by (3.11) and (3.10),
for some constant M ≥ 0. Let us set
Next, let {Q i } be a sequence of compact domains of class C 2,1 satisfying (2.5) and consider their stopping times τ Q i . By Itô's formula we have, for all x ∈ Q i and t ≥ 0,
Hence, taking expectation and recalling (3.15),
Owing to (2.6) and Fatou's lemma, the above inequality yields
Since the function in the right-hand above is finite onK, we deduce that
To conclude thatK is invariant, take a sequence t k ↑ ∞ and observe that
Finally, let us show that (c) implies (a). SupposeK is invariant and fix x ∈ K. Recalling that K coincides with the closure ofK, let {x k } be a sequence inK such that x k → x. Then, by our invariance assumption, X(t, x k ) ∈ K , P − a.s. for all t ≥ 0. Since X(t, x k ) → X(t, x) , P − a.s. for all t ≥ 0, we conclude that X(t, x) ∈ K, P − a.s., for all t ≥ 0. Since x is an arbitrary point in K, we have shown that K is invariant.
Under a stronger assumption, one can improve the estimates of the above proof to obtain the following result that will be used in section 5.2. Proposition 3.3 Assume (3.4), (3.5), and (3.6), and suppose
for some constants α > 0 and M ≥ 0.
Remark 3.4 In particular, assumption (i) holds true if
Observe that the above condition was used in [11] to prove the invariance ofK for diffusion processes with a continuous drift.
We sketch the proof of Proposition 3.3 below, focussing on the only point in which it differs from the proof of Theorem 3.2.
Proof: The reasoning goes in the same way as above up to (3.13). Then, in view of assumption (i), there exist positive numbers α and ρ such that
So, combining (3.10), (3.13) and (3.18), we conclude that, for some M > 0,
Transition semigroup
In this section we will assume the following without further notice:
• K is a compact set satisfying (3.4), (3.5) and (3.6);
• condition (b) of Theorem 3.2 holds true.
We recall that one can find then a sequence {Q i } of compact domains of class C 2,1 satisfying (2.5), that is Q i ⊂Q i+1 and ∞ i=1 Q i =K. Then, we know that K andK are invariant for the stochastic flow X. So, as recalled above, the elliptic operator L 0 defined in (3.1) is degenerate on ∂K in the sense specified by condition (b). Later on, we will further assume that L 0 is uniformly elliptic on all compact subsets ofK, that is,
The main objective of our analysis is the study of the transition semigroup P t associated with the stochastic flow X(·, ·), that is, the semigroup on B b (K) defined by
As is easily seen, P t is a Markov semigroup, that is,
We begin with some preliminary properties of P t .
Proposition 4.1 P t is a Feller semigroup on B b (K), and its restriction to C(K) is strongly continuous.
Proof: The Feller property of P t is easy to check. Indeed,
owing to the continuity of the map x → X(t, x). Notice that we will use the same symbol P t to denote the restriction of P t to C(K).
In order to prove that P t is a strongly continuous semigroup on C(K), observe that, since C 1 (K) is dense in C(K) and P t ≤ 1 (1) , it is enough to show that lim
(1) Here, Pt denotes the norm Pt regarded as a bounded linear operator on C(K).
for every ϕ ∈ C 1 (K). Now, for any such function ϕ we have that
Moreover, by Hölder's inequality,
So, taking expectation yields
where we have set b = max x∈K |b(x)| and σ = max x∈K σ(x) . Thus, (4.3) follows recalling (4.4).
Remark 4.2
As a corollary of Theorem 3.2, we have that the transition semigroup P t defined in (4.2) satisfies
for every ϕ ∈ B b (K). Now, for all i ∈ N consider the so-called stopped semigroups
associated with stopping times τ Q i (x). Then, by (4.5) and (2.6), we conclude that P i t approximate P t onK in the sense that, for every ϕ ∈ B b (K),
Remark 4.3 Under hypothesis (4.1) we have that L 0 is uniformly elliptic on Q i for all i ∈ N. So, by classical results (see, e.g., [22] ), for any ϕ ∈ C(K) the Dirichlet problem
Moreover, u i is given by the formula 10) where P i t is the semigroup defined in (4.6), see, e.g., [8, section 6.2.2]. Observe, however, that u i can be also represented by the formula
where G i (t, x, y) is the Green function of the parabolic operator in (4.8). It is well-known that G i (t, x, y) is strictly positive for all t ≥ 0 and x, y ∈Q i (see, e.g., [22] ). By the maximum principle we conclude that
Also, on account of (4.10), (4.11) and (4.7), for all ϕ ∈ C(K) we have
Let L be the infinitesimal generator of the strongly continuous semigroup P t on C(K). The following theorem ensures that L coincides with operator L 0 . Theorem 4.4 Assume (4.1) and let λ > 0. Then, for every f ∈ C(K) there exists a unique solution ϕ f ∈ D(L 0 ) of the equation
The above result can be proved in several ways. In particular, it can be obtained in a more general framework using viscosity solutions. For the sake of completeness, in the appendix we provide a self-contained proof of Theorem 4.4 which only requires classical tools.
Invariant measure for P t
In this section, we will study the existence and uniqueness of the invariant measure µ for the transition semigroup P t defined by (4.2), in the class of all absolutely continuous measures with respect to Lebesgue's measure µ n . We will make, without further notice, the following assumptions:
• condition (b) of Theorem 3.2 holds true;
• the interior ellipticity condition (4.1) is satisfied.
Let {Q i } be a sequence of compact domains of class C 2,1 satisfying (2.5).
Let us recall that a probability measure µ on (K, B(K)) is said to be invariant for P t if, for any t ≥ 0,
Uniqueness
We will show the following uniqueness result.
Theorem 5.1 P t possesses at most one invariant measure in the class of all probability measures that are absolutely continuous with respect to µ n .
For the proof of the above theorem we will need several intermediate steps.
To begin, let us introduce the following metric ρ K inK :
It is easy to see that (K, ρ K ) is a complete metric space.
Remark 5.2
It is worth noting that a set Q ⊂K is compact in (K, ρ K ) if and only Q is compact in R n with the Euclidean metric. Indeed, suppose that Q is compact in R n . Then, Q ⊂ Q i for some positive integer i. Thus, for all x ∈ Q, δ K (x) > 0. Consider any sequence x k ∈ Q and x ∈ Q such that
Taken (K, ρ K ), consider the semigroup
Recall that a probability measure µ on (K, B(K)) is invariant forP t iff
Our next result is intended to compare the notion of invariant measure for P t with the one forP t .
Lemma 5.3 (a) If µ << µ n is an invariant measure for P t , then its restriction to (K, B(K)) is an invariant measure forP t .
(b) If µ << µ n is an invariant measure forP t , then it can be uniquely extended to an invariant measure for P t .
Proof. First of all, we observe that, in view of definitions (4.2) and (5.3),
where ϕ denotes any function in C(K) as well as its restriction toK.
(a) Let µ << µ n be an invariant measure for P t , and let ϕ ∈ C b (K). We shall localize φ in a neighborhood of each domain Q i : take the positive sequence ε i = min
and define
where the last equality can be justified recalling that µ << µ n and observing that, since ∂K is piecewise smooth, µ n (∂K) = 0. Also, owing to (5.6) and definition (5.3), we obtain
So, recalling (5.5), by the Dominated Convergence theorem we obtain
On account of (5.7) and (5.8) µ is invariant forP t .
(b) Let µ be an invariant measure forP t , absolutely continuous with respect to Lebesgue's measure, and let ϕ ∈ C(K). Then ϕ restricted to K is a bounded continuous function. Thus, again by (5.5),
So, µ is invariant for P t .
Our next result establishes important properties ofP t .
Lemma 5.4
The transition semigroupP t is irreducible and strongly Feller.
Proof: Let us first prove thatP t is irreducible, that is, for every open subset
Let x 0 ∈ A and let B(x 0 , r) be contained in A together with its closure. Then, B(x 0 , r) ⊂ Q i for some integer i. So, recalling (4.11) , by the maximum principle we obtain
So,P t is irreducible. Let us now show thatP t is strongly Feller, that is,
For any ϕ ∈ B b (K), all t > 0 and all positive integers i, we know that P i t ϕ |Q i ∈ C(Q i ) since the stopped semigroup P i t is strongly Feller by wellknown regularity properties of solutions to parabolic equations. On the other hand, for any compact set Q in (K, ρ K ) or, equivalently (according to Remark 5.2), in K, we have that
Now, in view of Theorem 3.2, property (2.6) ensures that, for any t ∈ (0, ∞),
So, Dini's Theorem implies that the above convergence is uniform on Q, which yields, in turn, the continuity ofP t ϕ onK.
Proof of Theorem 5.1: Let µ and µ be two invariant measures (2) We conclude this section with two useful properties ofP t .
Proposition 5.5 Let µ be an invariant measure forP t . Then (a) µ << µ n ;
Proof: Let µ be an invariant measure forP t , and let B ∈ B(K) be such that µ n (B) = 0. Since µ is a regular measure, from (5.4) we deduce, by a standard approximation argument, that
(2) In particular, both µ and e µ are probability measures.
Then, owing to (4.13), 
A sufficient condition for existence
In this section we will give sufficient conditions for the existence of an invariant measure µ for P t , absolutely continuous with respect to µ n .
Let us recall that a family {µ t } t≥0 of probability measures on a complete metric space E is said to be tight if, for any ε > 0, there exists a compact subset Q ε of E such that µ t (Q ε ) ≥ 1 − ε for every t ≥ 0. Now, denote by π t (x, ·) the law of X(t, x), that is, the measure
Lemma 5.6 Let x 0 ∈K be such that
for some C ≥ 0. Then {π t (x 0 , dy)} t≥0 is tight.
Proof: For any integer i, let Q c i =K \Q i and consider the positive sequence ε i = min
Since ε i → 0 as i → ∞, the above inequality implies that, given ǫ > 0,
for all i large enough. So, {π t (x 0 , dy)} t≥0 is tight.
Our next result completes the analysis of the existence and uniqueness of the invariant measure for P t .
Theorem 5.7 Assume
Then P t possesses a unique invariant measure µ << µ n .
Proof: Since uniqueness is granted by Theorem 5.1, let us concentrate on existence. Suppose we can find an invariant measure for the semigroup P t that we introduced in (5.3) . Then, µ would be absolutely continuous with respect to µ n in view of Proposition 5.5 (a). Thus, on account of Lemma 5.3 (b), µ would also be extendable to an invariant measure for P t , which would obviously remain absolutely continuous with respect to µ n . So, to complete the proof it is enough to construct an invariant measure forP t . Now, the Krylov-Bogoliubov theorem (see, e.g. [9, Theorem 7.1]) ensures thatP t possesses an invariant measure if, for some x 0 ∈K, the family of probability measures {π t (x 0 , dy)} t≥0 is tight. So, thanks to Lemma 5.6, it suffices to obtain (5.10). Let α > 0 and V be given by Proposition 3.3. Fix x 0 ∈K, apply Itô's formula to V (X(t, x 0 )), and take expectation to obtain
Then, taking into account (3.17),
This yields
Since V coincides with m j=1 log δ j (X(t, x 0 )) near ∂K, (5.10) follows.
Examples
We conclude with three examples describing possible applications of our invariance result. 
and let θ ∈ C 1 ([0, 1]) be such that
Define, for every x ∈ B 1 ,
where I is the identity matrix and λ ∈ R. Then, it is easy to check that
Therefore, by Theorem 3.2 we have that B 1 is invariant for X if and only if
Moreover, owing to Theorem 5.1, semigroup P t has at most one invariant measure µ << µ 2 . Furthermore, such a measure does exist if (1 − x 2 j )e j ⊗ e j ∀x ∈ Q 1 .
Then, conditions (3.4), (3.5), and (3.6) hold true, and
Therefore, recalling (3.8), we conclude thatQ 1 is invariant if and only if
Under the above assumption we have that semigroup P t has at most one invariant measure µ << µ 2 , whose existence is guaranteed if b j (x) x j |x j | < 0 ∀x ∈ ∂Q 1 , ∀j ∈ J(x) . The above integrable function being integrable since β < 0, (5.13) gives the required density.
2. An auxilary problem. Let ϕ 1 ∈ D(L 0 ) be the solution of (4.14) for f ≡ 1, that we constructed in the previous step. Since P t 1 = 1, by (6.1) we conclude that
Moreover, owing to (6.3),
where ϕ 1 i is the solution of (6.4) for f ≡ 1.
3. Uniqueness. We will show that, if
Therefore, comparing v and the solution ϕ 1 i of (6.4) for f ≡ 1 on Q i , we obtain v(x) ≥ ϕ 1 i (x) ∀x ∈ Q i for all i ∈ N large enough. Hence, in view of (6.7),
which in turn implies that u(x) ≤ 0 for all x ∈ K. By the same argument applied to −u we conclude that u ≡ 0.
